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Eulerian distribution with a missing number 
Takahiro TSUCHIYA 
Abstract. We consider a discretE' distribution induced by the soning 
algorithm of modi6ed bucket son. The systematic numbers appear iu this 
sorting process. The discrete probability distribution for the numbers is called 
Eulerian distribution. In this paper, the recurrence relation for Eulerian dis-
tribution with a missing number is derived. The moment of the distribution 
is abo givcn by the recurrence relation. 
1. Introduction 
Bucket sort, also callcri hin sort, is cl algorithm that performs by clivid-
ing an array into a number of buckets. The computational time of average case 
performance is O(n + k:), where n is a size of data and k is the number of differ-
cnt buckets. The sorting Incthod is faster than other sorting algorithm~. 
T:-oHchiya and T\akamura (:2007, 2009) investigated a distribution of the number of 
buckets in Lhe modified bucket sorting process that does nol determine the num-
ber of bucketc' or bins. The distribution is called "Eulerian distribution". The 
number of buckets depends on the initial state of the data or the sequence of the 
numbers. Tsuchiya and Nakamura (2009) also proYided the sequence of numbers 
represented the recurrence relation so callc(l "Eulerian numbers .. (Euler, 17?i::i : 
Graham et al., 1994). The numbers appear in the deriYation proccso; of the discrete 
distribution. 
The aim of this paper is to derive the recurrence relation for Eulerian distribu-
tion with a missing number. 
In the next ~eetion, t lie algorithm of the modified bucket sort is cle::;cribed. The 
formula of the recurrence relation for the discrete distribution is shown in Section 
3. The recurrence relation for the moment of the distribution is given in Section 4. 
\iVc consider Eulerian distribution with a missing number in Section :i. Numerical 
comparisons are also giYen in Section 6. Finally, we conclude the paper with a brief 
discussion in Section 7. 
2. Algorithm of modified bucket sorting 
We have a deck of well shuffled n cards numbered from 1 to rL The following 
procedure is carried out in order to sort a. deck of cards in ascending order. 
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Sorting Procedure 
STEP 1 If the top of a deck of cards on hand is a card number k and a card 
number k + 1 is on the table, then the card k is put on tlw card k + L 
STEP If the card k + 1 i~ not on the ta then the card k ic-; not put on any 
cards ou the table but is put on the surface of the table. 
STEP 3 STEP 1 and 2 are repeated until the cards on hand disappear. 
STEP -l There are m set of cards on the table (1 =:; m =:; 
STEP 5 The sorting is completed by bundling up in ascending order of the 
of the cards. 
The differences between ordinary bucket sort and the above sort are as follows. 
In the modified bucket sort, (1) it is assumed that there is no same card number 
from 1 to in n cards, it i::; not known how many buckets we need, and if 
the care! k:-+- 1 is on the table. then the card k is put on it. The maximum number 
of "bunches or stacks of carclc:;"' finally ohbcincd in STEP 4 is rL and the minimum 
is 1. Our interest is the number of bunches of cards in STEP 4. We note here that 
the number of bunches of cards corresponds to that of buckets or bins in bucket 
sorting. 
For when n = -L if the arrangcrncnt of cards is 1,2,4), tht•n the 
number of bunches of cards is :). Tsuchiya and Nakamura (2009) have given the 
recurrence relation for the probability distribution of the number of bunches of 
cards, called Eulerian distribution. 
In this paper. we derive the recurrence relation for Eulerian distribution with 
a missing number. The recurrence relation for the moment of the distribution is 
also given. 
3. Distribution of the number of bunches of cards (Eulerian distri-
bution) 
Let X bf; the random \>l.ria,ble which denotes the number of bunches of cards 
and let be the total number of case that X = i in n cards. Then the follmving 
recurrence relat.ion holds (Tsuchiya and Kakamura, 2009): 
{ Jvfn(1) = Mn(n) = 1 
; (i-if ·-1-n Af11 , .• )- .• Mn-l(z) . {.c (i -l)}Ain-l(i -1) 
(n :::0: 1) 
(n:::0:3. i=2,··· ,n). 
(1) 
The values of Ain(i) (1::; ::; n::; 10) are given by Table 1. Hereafter "buncl1es 
of cards'" simply called "hunches". 
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Table 1. Jfn (n=l,2, ... ,10) 
n\i 1 2 3 '1 5 6 7 8 9 10 
1 1 
2 1 1 
•) 
;) 1 ! 1 
4 I 1 11 11 1 
5 I 1 26 66 26 1 
6 1 57 302 302 ~) { 1 
7 1 120 1191 :2416 1191 120 1 
8 1 247 '1293 15619 15619 429:) 247 1 
9 1 502 14608 88231 156190 88234 14608 502 1 
10 1 lOLl 47840 453192 UHJ:354 1:310354 ,1!)511)2 47840 1013 1 
The formula is equivalent to that of Eulerian numbers by Euler (1755). 1\471 ( i) 
ilnd Eulerian numbers k) are related with Jfn ( i) = i - 1) for 
= i- 1 (Tsuchiya and Nnkamura. 2009). Then, the probability that X= i in n. 
cards can be obtained as P 71 (i) = JVf71 (i)/n! and is given by the following recurrence 
formula: 
{
Pn(l) = (n) = ~ 
n. 
. i .. n-(i-1) .. 
Pn(z) = -Pn-l(z) T -~- Pn-l(l 1) 
n n 
(n 2 1) 
(2) 
(n 2: J. i = 2, · · · , n). 
The probability di~tribution represented by the recurrence formula (2) is called 
Eulcrian distribution. 1 shows the probability distribution (i) for 11. = 
5, 10, 20, 30. 50 and 100. \Ve see that the distribution is symmetric vYith respect 
to the mean. It is known that the convergence to normal distribution is very fast 
(Tsuchiya and Nakamura. 2009; Nakamura, 2015). 
4. Moment of Eulerian distribution and recurrence relation 
In this we introduce the recurrence relation of the morncnt. the expec-
tation and the variance of Eulerian dbtribution. The recurrence relation of the 
moment about the mean was given by Mann (19,15), but here that of the moment 
about the origin is presented. A general term of the expectation and the variance 
are induced the recurrence relation. 
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Figure 1. Pn(i) (n = 5, 10, 20,30,50 and 100) 
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The rth-order moment of random variable X with the probability distribution 
(2) is given by the following recurrence relation (Tsuchiya and Nakamura, 2009): 
(n = 1) 
(n:::: 2). 
The expectation and the variance of random variable X with the probability 
distribution (2) are respectively given by 
(X)= n + 1 
2 
{ 
0 
V,,(X)= n--:-1 
12 
( n :::: 1), 
(n = 1) 
(n:::: 2). 
5. Eulerian distribution with a missing number 
By extending the aboYe sorting process, we derive the prulmbility distribution 
of the number of bunchec; in the case that there exists a number in a .set 
of cards. \Y investigate here r he probability distribution with just one misc;ing 
number. The probability distribution is derived under the assumption that any 
one of the cards is missing number with equal probability. 
For example, when n = 3, if there are not any missing numbers, then we see 
that the case.; that the carcls appear are in the following six scqtwnces: 
(1,2,:3), (L:3.2), (2,1,3), :3.1), (3, 1, 2). 2. 1). ( J' 
. I 
The situation that just one of the cards is missing number is equivalent to the case 
that the third number is missed in each arrangement of (4). Then, we have the 
following: (1 2), (1, 3), (2.1). (2, 3), (3, 1). (3, 2) .. Further, the number of bnnclws 
decreases one for two cac;cs (L 2), (2, 1). They occur vdwn the third number 
is 3 in ;md the number is missed. Then it o<hould be noted that the number 
of bunches in the remaining arrangements is equal to the case of n = 2. :For the 
other cases, the number of bunches is invariant under this operation. Therefore, 
the total number of the case that the number of bunches X = i, denoted by 
MF)(i) can be obtained adding Nh(i) to JI2(i) and subtracting 1\!h(i- 1) 
from that. Similarly, when n = 4, if the fourth number is 'f and the number 
is only then the number of bunches decreases by one. Hence, we obtain 
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(i) = (i) + Jvh(i) I'vf3(i -1 ). 
Lci JJ,\1) (i) be the total number of the case that the rmmber of bunches X= i in 
n cardti with a missing number. From the above argument, the following recurrence 
relation holds: 
where 1\!In (i) is the total number of the case for bunches without missing munher 
and satisfies the recurrence relation (1). The values of M~1)(i) (1 ::; i < 11 ::; 10) 
are by Table 2. 
Table 2. M~1 )(i) (n = 2, :3, · · · , 10) 
\. 
n \l 1 2 3 4 5 6 7 8 9 
2 2 
3 2 4 
4 2 14 8 
5 2 3G 66 16 
6 2 82 342 262 3:2 
7 2 176 1436 2416 946 64 
8 2 366 5364 16844 14394 322:2 128 
9 2 748 18654 99560 156190 76908 10562 256 
10 2 1514 61946 528818 1378310 1242398 381566 :3:3734 512 
Then, the probnbilit:.· that X= i can he obtained as P~1 )(i) = M7\ 1l(i)/n 1 and 
1s by the following recurrence formula: 
(n ~ 2) 
(nj == 0 (n ~ 1) (5) 
where ( i) satisfies the recurrence relation (2). Figure 2 shows the probability 
distribution PJ1l ( i) for n = 5, 10, 20, :30. 50 and 100. It can be seen that the 
distribution is not symmetric with respect to the mean. But we find that the 
distribution approaches to a normal distribution as n becomes large. 
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2. P~l) (i) (n = 5. 10, 20, 30,50 and 100) 
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THEOREM 1. The Tth-order moment of random variable X with the probability 
distribntion (5) is by the following recnrrence Telation: { () tl(Xr) = (n = 1) 
2 2), 
where En(Xr) satisfies the recuTrence relation (3). 
Proof. By definition of the Tth-order moment, Ei1) = F Pi 1) (1) (] 
always holds fur n = 1. From (5), for n;:::: 3, vve have the following equation: 
n-1 , n-1 1 n-1 1 n.-1 V ·rp(1; 1.·) _ V ·rp ( ') ~ ·rp ( ·1 ~ ·rp . (: 1) 62 n \l- 62 n Z +- L...tz n-1 21 --62 n-ll- . 
i='J i='2 n i=::.: n i=2 
(7) 
Since 1' (1) = 2/n!, nr 1 ' (n) = 0, FP, (1) = 1/n! and 1 (1) = 1/(n 1)!, 
the equation (7) is represented by 
The third term on the right-hand side in (8) can be written as 
Further, \Ye have nr Pn(n) = 11 /n! and --1 ( n. - 1) = n ''/ ( n - 1)!. Therdon·. 
(8) is as 
n n n-1 1 n-1 
V ·rp(1) ( ·1 _ V ·rp ( ') 1 V ·rp ( ') V ( · 1)rP ( ·') 6 Z n l;- 6 Z n Z +- 6 Z n-l 1 -- 6 Z + n-l l . 
n n 
i=l i=l i=l i=1 
Hence, the recurrence relation with respect to rth-order moment 
by 
- E ( ·vn ..L 1 E 
- ·n ·" ) • - n-l 
n 
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(9) 
From (3), we have 
T-1 T T T-1 
E2(Xr)- ~ ~ (~) E1(Xk) = ~ ~ (~)- ~ ~ c~ 1)- ~ ~ (~) 
= ~. 2r- ~(2r+1- 1)- ~(2T- 1) 2 2 . 2 
=1. 
On the other hand, since it follows from (5) that 
we see that the equation (9) also holds for n = 2. D 
COROLLARY 2. The expectation and the variance of random variable X with 
the probability distribution (5) are respectively given by 
E(ll(X)= n+1_~ 
n 2 n (n ~ 1), 
(n = 1) 
(n ~ 2). 
Proof. By putting r = 1 in (6), the expectation of X is given by 
(1) - 1 En (X)- En(X)- -En-1(1) 
n 
n + 1 1 
----
2 n 
(10) 
(11) 
(12) 
for n ~ 2. Since Ei1) (X) = 0, the equation (12) also holds for n = 1. Further, by 
putting r = 2 in (6), the expectation of X 2 can be expressed as 
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fc1r n ;:: 2. Therefore, the variance of X is given by 
T rll) 'V) V: 'X) 1 V n: '\_._/1_ == n\ _ ~ ? 
n~ 
n+ 1 1 
----
12 n2 
for n;:: 2 and v2l(x) = 0 for n = 1. D 
6. I\" umerical comparisons 
Table 3 shows the results of comparing the sample mean and the unbiased 
variance based on random samples of sizes n = 5, 10, 20, 30, 50 and 100 drawn from 
the distribution (5) with the expectation and the variance by using (10) and (11). 
The simulation results were obtained by averaging over 10,000 repeated random 
samples. It can be seen from the table that the nc:oults in simulation is almost the 
same as theoretical values. 
Table 3. Comparison of means and variances in simulation study and 
theoretical values for c-;uions c-alues of n. 
Simulation results Theoretical vc1lue; 
n Sample mean Unbiased variance Expectation Variance 
5 2.80 0.450 2.80 0.460 
10 5.40 0.911 5.40 0.907 
2(\ 
•J 10.45 1.762 10.45 1.7 ±8 
30 15.45 2.628 15.47 2.582 
50 25.48 4.249 25.48 4.250 
100 50.5:3 8.486 50.49 8.417 
7. Conclusion 
In this paper, we derived the recurrence relation for Eulerian distribution with 
a missing nnmbcr and the moment of the probability distribution. \Ve see that 
the distribution is non-symmetric and the expectation and variance. respectively, 
decrease and l/n2 , with the distribution which does not have 
any missing number. The remaining problem is to reveal the relation of the derived 
distribution and the other probability distribution, and the approximation to the 
distribution and to derive the probability distribution with some missing numbers. 
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